
【Memoirs of Construction Engineering Research Institute Vol.66(papers)Nov.2024】 

 

 

SIMULATION OF SURFACE RUNOFF FLOW IN A MODEL URBAN 

 CATCHMENT USING A PARTICLE METHOD 
 

Akihiko Nakayama   Xin Yan Lye  

 
ＡＢＳＴＲＡＣＴ 

 

The Weakly Compressible Smoothed Particle Hydrodynamics (WCSPH) method which was previously applied 
to rainfall-runoff simulation on natural topography has been reformulated to enable simulation of the rainfall 
runoff on urban terrain with array of buildings. The reformulation indicates the basic equations of the original 
WCSPH may be used but suggest more logical modeling of the dynamics as the interaction with neighboring 
fluid, the ground solid bodies. The simulation of overland flow due to rainfall on an urban terrain with model 
buildings is successfully conducted and the method is found to represent three-dimensional flow correctly. 
Unlike depth-averaged flow analyses the water depth is not the main variable in the governing equation but 
can be obtained by a separate post processing that considers the relation of the real water depth and the 
distribution of lumps of water for which the governing equations are applied.   
 

１． ＩＮＴＲＯＤＵＣＴＩＯＮ 

As the global climate continues changing, forecasting and predicting rainfall runoffs and possible inundation and 
flooding due to unnexperienced rainfalls are becoming very important.  The existing methods and models used in rainfall 
runoff analyses are mostly based on the two-dimensional analyses of Shallow-Water Equations (SWE) (e.g. Zhang and 
Cundy1), Teng et al.2), Li et al.3), Constabile et al.4), Sayama et al.5) ).  They are physical simulation of overland flows given 
the rainfall hyetographs on specific terrain geometry and are more realistic than more common data-driven models that 
use statistical correlations between rainfalls and the runoff hydrographs of the past events (e.g. Sitterson, et al.6), Gayathri, 
et.al.7), Kokkonen, et al.8)).  However, there still are limitations associated with the Eulerian grid-based models that assume 
hydrostatic pressure distribution.  The surface flows that occur due to raifalls on modern urban areas with structures and 
buildings present challenges due to their highly three-dimmensional features that existing surface flow analysis methods.  

In recent years, in contrast to the fixed grid methods, the Smoothed Particle Hydrodynamics (SPH) method developed 
for analysis of three dimensional free-surface flows has also been applied to the analisys of overland flows due to rainfalls 
(Chang et al.9), Fei et al.10)).  The SPH method are a little more flexible but in these 2-d SPH methods, surface water is 
represented by discrete columns of water of varying depths. The horizontal velocity and the height of these columns are 
then calculated by the SWE with the SPH method. The rainfall onto ground surface and infiltration into subsurface are 
modelled by increasing or decreasing the column height. While these methods are numerically efficient, the dynamics of 
the motion of water is within the framework of shallow water approximation with hydrostatic pressure and additional 1-d 
analysis of stream flows, if they exist, need to be implemented. These meshless particle interpolation methods have great 
potential in representing the rainfall itself and the subsequent motion on and in the ground.  The 2-dimensional version has 
been extensively developed and used in overland flow analysis9,10,11).  However they are still limited to the surface flow 
only and the flows in channels where the shallow surface need to be analyzed separately by 1-d channel flow analysis9). 
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The 3-d SPH method12,13) on the other hand has been shown to represent the motion of sparsely distributed surface flows 
as well as ponded patches of water and the channel flows at the same time.  The present authors have proposed such method 
and applied to simulation of the rainfall runoff in a small catchment14,15).   In that work, though the runoff in a real urban 
area from mountainous catchment was simulated successfully, quantitative validation with either measured or observed 
runoff was not done.  In the present work the method is further extended to improve the surface roughness effects and 
applied to the case of runoff in a model urban catchment for which experimental data on the discharge runoff are available.  
Also simulation using existing methods has been done and the results with the present new method may be compared.  
Therefore, the present results are compared with the experimental data and analysis done by SWE analysis and the 
applicability and the accuracies are examined.    

 
２． SMOOTHED PARTICLE METHOD FOR OVERLAND FLOW DUE TO RAINFALL IN NATURAL 

AND URBAN TERRAIN 

2.1 Basic equations of 3d-SPH method 

The conventional methods of rainfall runoff simulation start with the shallow-water approximation of free surface flow on 
ground.  They solve for the depth-averaged flow velocities assuming the hydrostatic pressure assumption.  They are 
effective when the overland flow is spread over mild terrain surface.  When the terrain varies rapidly or when there are 
large buildings, the flow falling on the three-dimensional topography cannot be represented well by these models.  
Approximations such as the ‘building hole’ or ‘building block’ are used when the effects of buildings are not negligible 
(Constabile et al.4)), but they cannot represent rain falling from structures roofs.  Particle methods such the basic SPH 
method on the other hand can cope with these three dimensional effects (e.g. Monaghan12).  But in the simulation of shallow 
and patchy overland flow correct representation of the ground roughness is important.  The present formulation models 
the effective depth of shallow flow in order to represent the ground friction accurately.   A typical water distribution during 
or after a rainfall is like that shown in Fig. 1. The ground is mostly dry with thin overland flow, some areas of ponded 
water and possible nearby streams and watercourse where the flow can be deep and three-dimensional. Therefore, we 
represent the water as a collection of lumps of water of finite sizes (Fig.2) and formulate the basic equations for them. The 
size of the lumps determines the resolution of the simulation but the actual patches or drops of water cannot be resolved 
in full. 

We formulate the equations of motion for a water lump a of material volume Ωa centered at position ra in terms of the 
density ρa and the velocity va defined by the volume integral  

𝜌𝜌� = 𝑚𝑚�
𝑉𝑉� = 1

𝑉𝑉� �𝜌𝜌
 

��
𝑑𝑑𝑑𝑑             and      𝒗𝒗� = 1

𝑚𝑚�
�𝜌𝜌𝒗𝒗

 

��
𝑑𝑑𝑑𝑑                                        (1) 

where ma and Va are the mass and the volume of lump a.  ma is constant because Ωa is a material volume and the mass is 

 

                  

      Fig.1 Model terrain and surface water.          Fig.2 discretization of overland flow by water lumps 
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conserved.  The continuity and momentum equations can be written as the material derivative of ρa and va as   
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where 𝜕𝜕𝜕𝜕� is the surface enclosing Ωa, and n is the unit normal vector on 𝜕𝜕𝜕𝜕�.  

Therefore, if the volume flux and the surface force on the surface surrounding are evaluated these equations allow time 
evolution of ρa and va.   Ωa is the sum of the interface between lump a and its neighboring lumps b and the surface facing 
the boundary (Fig.3).  These surface integrals can then be approximated by the sum of surface contributions  
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where the summation is taken over the neighboring particles b that are within the influence distance h of 2.3 times the size 
of the lump, vab is the velocity on the interface between lump a and b relative to the velocity of lump a, vn is the normal 
velocity on the boundary surface if it is within the influence distance h, Sab and Saw are the area of the interface between 
lumps a and b and between a and the boundary, respectively, Pab is the pressure force due to particle b, μab is the effective 

viscosity due to particle b and Tw is the force due to the solid boundary.  Note that 𝒓𝒓��𝒓𝒓�|𝒓𝒓��𝒓𝒓�| is the unit vector in the direction 

from lump b to lump a.   

 

                                        

(a)  Interaction between neighboring lumps                (b) Interaction between lump a and boundary 

Fig.3 Interface between water lumps a and b (a) and between water lump a and the boundary (b). 

 
 

The forms of vab, Pab and μab depend on the exact positions and orientations of the lumps a and b, but if they are taken 
similar to the form used for continuous flow and     

𝒗𝒗�� = 1
2 (𝒗𝒗� − 𝒗𝒗�)                                                                                       (6) 
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where pa and pb are the pressure, ρa and ρb are the density, μa and μb are the molecular viscosity, μTa and μTb are the 
turbulent viscosity, ra and rb are the positions of particles a and b, respectively, mb is the mass of particle b and  ∇�𝑊𝑊�� 

is the weight of the forces depended on the distance and the direction of the separation between particles a and b given by 
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                                             (9) 

where   𝑞𝑞 = |𝒓𝒓� − 𝒓𝒓�|/ℎ. 

The radius of the support of this Wab is 2h.  If these correspondences are adopted, 2h corresponds to the longest distance 
between lumps a and b at which they interact with each other and is the typical diameter of volume Va or 2ℎ = �𝑉𝑉�� .  It 
means that the size of the lump corresponds to the radius of the kernel support in the conventional SPH formulation.  The 
resistance force Tw from the nearby solid surface is the tangential force in the direction opposite of the particle velocity.  If 
t is the unit vector in the local flow direction, it is expressed as  

                             𝑻𝑻� = −𝐶𝐶�
𝜏𝜏�
ℎ� 𝒕𝒕                                                                                 (10) 

where CT (=1.0) is an empirical constant hw is the thickness of the wall layer (taken as 2h) next to the solid boundary and 
τw is the wall shear stress determined by the wall law 

𝑣𝑣�
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C ln �𝑛𝑛𝑛𝑛�𝜈𝜈 � + 𝐷𝐷,      5 < 𝑛𝑛𝑛𝑛�
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𝑛𝑛𝑛𝑛�
𝜈𝜈 ,                    𝑛𝑛𝑛𝑛�𝜈𝜈 < 5

                                                                  (11) 

where vt is the tangential velocity of particle a, n is the normal distance from particle a to the boundary, 𝑢𝑢� = �𝜏𝜏�/𝜌𝜌� , 
A(=2.5),B(=5.5),C(=5.0) and D(=3.05) are constants and ν=μa /ρa, for hydraulically smooth surface with the roughness 
Reynolds number Rk= kuτ/ν<100 where k is the roughness height.  For hydraulically rough surface with Rk>100, the wall 
law for fully rough surface 

                             𝑣𝑣�𝑢𝑢� = A ln �𝑛𝑛𝑘𝑘� + 𝐸𝐸                                                                                      (12) 

with E=8.5 is used.   

The density is assumed to determine the pressure via a state equation   
 

𝑝𝑝� = 𝐵𝐵 ��𝜌𝜌�𝜌𝜌��
�
− 1�                                                                                   (13) 

 
with the value of B is chosen so that the speed of sound is 10 times the maximum expected flow velocity at the reference 
density ρ0 at the atmospheric pressure and γ=7. 
After the velocity va is solved the position ra is determined by  
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                  𝑑𝑑𝑑𝑑�𝑑𝑑𝑑𝑑 = 𝒗𝒗�                                                                                                     (14) 

which completes the basic equations. 
The boundary conditions are the zero normal velocity on solid surface except for infiltration.  Rather than introducing 
artificial repulsive force, the normal velocity component is set to zero when the particle comes within the distance hw from 
the boundary.  The distance to the boundary is obtained by searching for the closest boundary particle which has the 
information of position and the normal direction as well as the roughness height and the infiltration capacity.  The enforced 
normal velocity in the wall layer goes in the continuity equation (12) and to automatically increase the density and hence 
the pressure. 
 
2.2 Representation of rainfall 

The rainfall is modelled in the same way as our previous work15,16), and additional lumps or particles falling on the ground 
are placed slightly above the ground and above possible water on it.  In the 2-d SPH approach of Vacondio et al.11) and 
Chang et al. 9) in which the water is represented by columns, particles cannot be added and the mass of columns of water 
is added according to the precipitation. In 2-d SWE models, rain may be added on grids (RoG)4) but since the added rain 
is very thin and causes wet/dry interface problems4). The real rain particles are as small as millimeters in diameter but in 
the present approach, finite number of lumps that represent some volume of water are introduced at positions separated by 
distances much larger than the smoothing SPH distance so that they do not interact each other until they come close on the 
ground.  Also, they are introduced at time intervals such that the amount of volume represented by the rain particles in unit 
time corresponds to the rainfall intensity.  The positions where the discrete number of rain lumps or particles are placed 
are shifted so that the entire catchment receives the rainfall uniformly over the period of the duration of the simulated 
rainfall.  

 

2.3 Representation of ground and buildings 

In the present method the ground and all solid boundaries that may include buildings and structures are defined by a set of 
discrete particles placed on the solid surfaces. These boundary particles define the position rw and the normal direction nw 
of the part of the surface they represent (Fig.4), so that for a water particle that comes close to one of them, the boundary 
conditions are imposed. The boundary particle that is closest to a water particle is searched by the link-cell method. The 
ground particles also possess additional information of the ground roughness and the moisture content. The roughness is 
given in terms of the roughness height k used in the wall law defining the wall stress. 

 

Fig.4 Ground and building surfaces defined by boundary particles placed on the surfaces with the normal 

direction. 
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３． SIMULATION OF RAIN RUNOFF FROM MODEL URBAN CATCHMENT 

3.1 Model terrain and building array 

The present rainfall-runoff simulation is applied to the rainfall runoff simulation from a model urban terrain for which Cea 
et al.17) conducted an experiment with a rainfall generator. Fig.5 shows the terrain used in Cea et al experiment and the 
terrain represented by the boundary particles.  Fig. 6 is the configuration S20 in which 20 buildings with sloped roofs are 
placed in a staggered array. To model the terrain and the buildings in the present method, the total of 107,500 boundary 
particles placed at the spacing of 0.012m are used. Cea et al.17) measured the runoff discharge at the lowest boundary 
(x=2.5m) of the model which can be compared with the present simulation.  They also conducted a simulation using the 
diffusive wave approximation of the SWE, which can also be compared with the present simulation result. They used the 
building block and building hole models to represent the effects of the buildings but the rain falling on the roof could not 
be accounted.  

 

   

             
  ((aa(a)  

Fig.5 Model terrain of Cea at al.17) experiment and the present model by boundary particles 

 

 
Fig.6 Urban terrain with building configuration S20 of Cea et al.17) experiment. The terrain and the 

buildings are represented by boundary particles placed at 0.012m spacing. 
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3.2 Simulation results 
Fig. 7 shows the instantaneous distribution of the rain water at time t=6 s and 20 s after it started to rain. The water lump 
size is 0.012m and the lumps are shown as black dots. The rain intensity is 300mm/h for the period of 40s, which is 
modelled by placing 100 rain lumps at every 0.4 seconds. The distribution of water is sparse and not quite connected at 
the beginning t=6 s.  At t=20s the rain water starts to pond at the higher elevation sides of the buildings. It is noted that 
more rain water is seen around the buildings than away from the buildings indicating that the rain falling on the sloped 
roofs slides down the roof dropping around the buildings. The experimental view is not available but they are quite 
reasonable.  

    

             (a) 6 minutes after start of rain                 (b) 20 minute after start of rain 

Fig.7 Simulation results at 2 instances after start of rain. Black dots represent rain water lumps. 

 
The runoff discharge hydrograph obtained from the simulation by counting the rain water flowing out of the downstream 
end at x=2.5m.  The results are compared with the Cea at al.17) measurements in Fig. 8.  Since the material of the model is 
steel with some rust (Cea et al. 17)) the roughness height used in the simulation is 0.5mm everywhere on the ground and 
the building surfaces.  The simulated hydrograph appears faster outflow than the experiment and that the discharge tends 
to fluctuate.  The fluctuation is inevitable in the present discrete particle simulation where the outflow discharge is obtained 
by counting the number of rain lumps coming out of the outflow section compared with conventional method which 
calculates the continuously varying average flow velocity and the depth.  The fluctuation decreases as the lump size is 
reduced and the number of lumps is increased.  The computational time of simulation over 40 seconds with the present 
size of water lumps is about 200 hours on a single 3.8GHz CPU computer.  The investigation of the resolution effects 
should be done with a GPU computer in the future work.  In the experiments the outflow discharge in the experiments is 
collected at the center of the lowest side with a collecting channel and there may have been a slight delay.  Considering 
this delay, the obtained hydrograph is reasonable.   

 

Fig.8 Discharge hydrograph obtained by the simulation compared with the measurements. 
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Fig. 9 presents the simulation results at the end of the 40s rainfall.  It also compares the present simulation results of the 
water depth (H) and the depth averaged velocity distributions with the SWE diffusive wave simulation obtained by Cea et 
al.17). 

The water depth and the depth-averaged velocity are computed by post-processing the distributed lumps with flow 
variables. To do it the particle interpolation is applied on the 3-d results at specified 2-d grid points. The color in both plots 
(a) and (b) indicate the depth with the same color grade scale. They compare fairly well over all but there are some 
differences. First the water depth of the present result in the ponded area on the higher elevation side of the second building 
from the outflow section is shallower than Cea et al.17) calculation. Second, the present results show non-negligible depth 
around each building while there is no appreciable depth is seen in Cea et al. results.  This is the area where the rain falling 
on the roof drains.  Cea et al.17) does indicate that the building block model does not account for the rain falling on the 
roofs.  The rain draining from the roofs does contribute to the runoff if the roof area is a large and it is accounted for in the 
present SPH simulation. 

 

 

(a) The rain water distribution at t=40s  

 

           
      (b) The simulated depth distribution at t=40s           (c) Simulation by Cea et al.17) 

Fig.9 Comparison of the distribution of the depth and the depth averaged flow velocity with the SWE 

simulation of Cea et al.17). 
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4． CONCLUSION 

The weakly compressible smoothed particle hydrodynamics (WCSPH) has been re-derived from the integral forms of 
conservation laws so that the resulting equations can be used for the motion of thinly dispersed overland flow with three-
dimensional topographic effects of buildings in urban catchment. The equations for the motion of finite lumps of water 
were derived.  The resulting equations are similar to the conventional SPH equations but they indicate that the force terms 
are interpreted as the interactions with neighboring fluid and solid boundaries. The latter interaction, particularly, allowed 
imposition of laminar or turbulent wall-laws to be implemented near the ground or other surfaces avoiding complex 
treatment used in conventional methods. 

  Also, the method is quite effective in representing the sparsely distributed complex flow on three-dimensional topography. 
The rain water flow falling on the terrain and on buildings can be represented well without the commonly encountered 
wet/dry boundary problems.  The depth of water is not the direct variable that is solved and it needs to be analyzed from 
the distribution of discrete lumps using a separate model.  The presently obtained results of inundation depth is very 
reasonable.   

The simulation of the overland flow and the inundation in a model urban terrain with three-dimensional effects due to 
buildings gave promising results compared with the existing methods. The method can further be applied to simulation of 
more general rain-runoff simulation. 
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